Introduction
One of the most specific and also most important concepts in quantum information sciences is quantum entanglement [1] . With the aid of it, a number of classically impossible tasks can be done quantumly (i.e. in a way based on the postulates of quantum mechanics), such as quantum cryptography [2] , quantum dense coding [3] , quantum information splitting [4] and so on. In 1993, Bennett et al [5] first suggested a quantum method called quantum teleportation to securely and faithfully teleport an unknown quantum state of a single qubit from a sender to a distant receiver by using an Einstein-Podolsky-Rosen pair [6] as the shared quantum channel. Soon after that event, related works appeared widely and achieved great developments in both theoretical [7] and experimental [8] domains. In 2001, Huelga et al [9] proposed a modified scheme of quantum teleportation, called quantum remote control, by using bidirectional quantum teleportation method to implement an arbitrary unitary operation upon a distant quantum system. Since then, the method of bidirectional quantum teleportation has been used in many related quantum remote control protocols [10] [11] [12] . In a quantum teleportation protocol, one party, Alice, can transmit any unknown quantum state to another party, Bob. In the case where Alice knows her state, the task can be completed by a simpler method called remote state preparation [13, 14] . The principal concern of remote state preparation is to study whether the required Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI. entanglement and classical communication cost can be traded off with respect to quantum teleportation. As we know, in original versions of quantum teleportation and remote state preparation the entanglement is shared only among two parties (Alice and Bob). As an obvious extension, many modified versions have been established using various different non-local resources which are shared among more than two parties to perform global multiparty tasks. For example, Karlsson and Bourennane [15] first proposed a scheme, called controlled quantum teleportation, making use of the so-called three-qubit Greenberger-Horne-Zeilinger state [16] shared among three parties (Alice, Bob and a controller Charlie) as the quantum channel. Afterwards, entangled states other than the Greenberger-Horne-Zeilinger one have also been employed to perform controlled quantum teleportation [17] [18] [19] . The merit of controlled quantum teleportation is that Alice and Bob are unable to complete the task without permission of the controller Charlie. Very recently, bidirectional quantum teleportation has been extended to include quantum control [20] [21] [22] . Such protocols have been referred to as controlled bidirectional quantum teleportation. In these protocols, by using multi-qubit entangled states, Alice and Bob are able to simultaneously teleport an unknown quantum state to each other under the control of Charlie.
In this work, we devise a protocol called controlled bidirectional remote state preparation which has not been dealt with so far. For the non-local quantum resource shared beforehand among the participants, we use the five-qubit linear cluster state, i.e. the same entangled state as was used in [20, 21] . In order to achieve unit success probability, we follow the adaptive measurement strategy similar to that in [14] . In section 2, we set up the task and briefly mention the type of cluster states we shall use to fulfill the task. Section 3 presents in detail our protocol which consists of four sequential steps. Finally, we summarize our work in section 4.
The task setup and the cluster state
Suppose that Alice has a quantum state
with a, b = √ 1 − a 2 and φ being real numbers known to her, while Bob has another quantum state
with x, y = √ 1 − x 2 and φ being real numbers known to him. Alice wishes to remotely prepare |ψ A at Bob's lab, Bob wishes to remotely prepare |ψ B at Alice's lab, and these are required to be done securely under quantum control of a single third party, Charlie, who need not know any information about |ψ A and |ψ B but plays a decisive role upon the task completion.
Trivially, of course, this task could be done awkwardly by two independent probabilistic controlled remote state preparation protocols, each consumes one Greenberger-Horne-Zeilinger trio as the quantum channel and one controller, involving in total a non-local resource of six qubits and two separate controllers. Our aim here is to design a single protocol that allows Alice and Bob to exchange their own states simultaneously and deterministically using only a non-local resource of five qubits and only one common controller.
The five qubits we shall use as the original non-local resource in our protocol belong to a special class of multi-particle entangled states, the cluster states, which were introduced in 2001 by Briegel and Raussendorf [23] , with the primary purpose of carrying out a new paradigm of quantum computation based on measurements but not on conventional circuits of unitary operations. Cluster states quickly attracted much attention and various schemes for generating them via different physical systems have been proposed [24] [25] [26] [27] . A linear cluster state |C N 12...N of N qubits can be represented compactly in the form
where σ (n) z is the Z-Pauli matrix acting on qubit n (σ
which is the state we shall use as the shared non-local resource in our protocol to be described in detail in section 3. 
The protocol
For our convenience we rename the qubits in the state |C 5 12345 given in equation (4) as
of which, intuitively, both Alice and Bob should hold two qubits and the remaining qubit is held by Charlie. However, the distribution of qubits among the three parties is subtle: a wrong distribution will lead to a failure. 
Note that, though |Q A 1 A 1 A 2 B 1 B 2 B 2 C is a seven-qubit entangled state, the actual non-local resource costs just five qubits because the entanglement of qubits A 1 and B 2 with those in state (5) is made locally.
In the second step, Alice first measures qubit A 1 in the basis |υ k A 1 , k = {0, 1} determined by {a, b} as
Then, if the outcome is k (i.e. |υ k A 1 is found), she measures qubit A 1 in the basis |υ k A 1 , k = {0, 1} determined by {k, ϕ} as
As for Bob, he first measures qubit B 2 in the basis |u l B 2 , l = {0, 1} determined by {x, y} as
Then, if the outcome is l (i.e. |u l B 2 is found), he measures qubit B 2 in the basis |u l B 2 , l = {0, 1} determined by {l, φ} as
In terms of the basic states |υ k A 1 , |υ k A 1 , |u l B 2 and |u l B 2 , we can reexpress state (6) as follows:
where
|D 0011 CA 2 B 1 = ax |000 − aye
|D 0100 CA 2 B 1 = aye
|D 1100 CA 2 B 1 = bye
|D 1101 CA 2 B 1 = −bye
|D 1110 CA 2 B 1 = −bye
(26) and
After their measurements, Alice and Bob should let each other know the outcomes kk and ll . What is interesting is that it is not necessary for them to send secret massages. Instead, they just need to broadcast their outcomes via any public media since these outcomes in fact mean nothing to any outside parties.
It is worth noting that in the second step Alice and Bob used the adaptive measurement strategy. Namely, the choice of bases for measuring qubits A 1 and B 2 depends essentially on the outcomes of the prior measurements on qubits A 1 and B 2 , respectively. Clearly from equation (11), if the outcomes of Alice's and Bob's measurements are klk l , then the three unmeasured qubits C, A 2 and B 1 are projected onto the state |D klk l CA 2 B 1 (see equations (12)- (27)) with an equal probability of 1/16. Note also that at this stage Alice and Bob are still unable to complete the task without Charlie's participation since their qubits A 2 and B 1 are still entangled with qubit C. The role of the controller Charlie will be seen in the next step.
In the third step, Charlie measures qubit C in the basis
then publicly announces the outcome m = 1 if qubit C is found in the state |+ C and m = 0 if it is in the state |− C . Depending on the outcomes klk l m of all the measurements described above, the state of qubits A 2 and B 1 , with an equal probability of 1/32, collapses into | klk l m A 2 B 1 , which have the following explicit forms:
and
As is evident from equations (29) . That is, to be successful, Alice (Bob) needs to know not only the outcome of Bob's (Alice's) measurement in the second step, but also the outcome of Charlie's measurement in the third step, certifying the controller's role in our protocol. Should Charlie, by some important reasons, decline to carry out the measurement or to disclose the measurement outcome, the task remains unfulfilled. Carefully analyzing the data in equations (29) 
where σ x is the X-Pauli matrix (σ x | j = | j ⊕ 1 ; j = {0, 1}). Since Alice and Bob are always able to reconstruct the desired state by the operators R A ll m and R B kk m defined above, our controlled bidirectional remote state preparation protocol is deterministic, i.e. the success probability is 1.
Conclusion
To summarize, we have put forward an idea of how two distant parties (Alice and Bob) can simultaneously exchange their quantum states securely, deterministically and under the same control (by Charlie) using only local operations and classical communication. Since each party knows his/her own state, we call our protocol deterministic controlled bidirectional remote state preparation. The local operations involved in the main steps (i.e. from the second step) are simple single-qubit von Neumann measurements. The original quantum channel (5) whose qubits should be a priori distributed through space among the participants consists only of five qubits which are here assumed to be provided off-line in the linear cluster state. The actually working quantum channel (6), though it consumes two more auxiliary qubits and two controlled-NOT gates, can be made locally in the preliminary step (i.e. the first step). The reason for extending the original to the working quantum channel is to make room for adaptive measurements as described in the second step, thanks to which unit success probability is achieved. The classical message each of Alice and Bob has to broadcast costs 2 bits, whereas that of Charlie costs just 1 bit, resulting in the total classical communication of 5 bits. Taken altogether, the presented protocol is feasible within the reach of current technologies.
